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SECTION II.-GENERAL 
REPORT ON MODES OF AXE MOTION AND TEE EQUA- 
TIONS OF TEE GENEBAL CIECULATION OF TEE EARTH’S 
ATMOSPHERE. 

By GEOEGE POETEB PAINE. 
[Dated. University of Wisconsin, Madison, WIs., July 31, lDl8.l 

The object of the present investigation is to classify 
and to analyze fundamental modes of air motion and 
to ascertain some of the mathematical laws governing 
general circulation, a particular mode of motion in the 
earth’s atmosphere. 

The problems under consideration had their origin in 
the experiments of Osbourne Reynolds ( I  9-22) ,l who 
demonstrated that themean drift of a liquid in turbulent 
motion does not obey the laws expressed by the standard 
hydrodynamical equations. These equations are de- 
rived for the detailed motion of fluid elements under the 
assumption that the velocities and their s ace deriva- 
tives are so small that their owers and pro a ucts may be 
newlected (73, p. 554). &ynolds obtained modified 
h &dynamical equations expressing the average drift 

but in terms of mean values of functions of the deviations 
of the velocities of the fluid elements from the velocity 
of the average drift. These equations are open to the 
serious ob’ection that the are obtained by appl~iu  the 

bulent motions of t.he fluid elements, which motions in 
practice do not satisfy the conditions just stated upon 
which the validity of the hydrodpamical equations de- 
pends. 

Clerk Maxwell (91, p. 81) demonstrated that, under 
certain conditions, the classical hydrodynamical equn- 
tions ex )ressed the laws governin the mass motion of 
a mas. decent experiments * with t f e flow of nses in wide 
tuxes and empirical studies of surface wincfdnta have 
shown that these equations not only fail to ex ress the 
laws governing the turbulent flow of liquids 1 ut  they 
also fail to express the laws governing the turbulent drift 
of the winds. 

The reason for this apparent failure of the Kinetic The- 
ory of Qases to account for observed air motions is to be 
found in the fact that the classical equations apply to the 
instantaneous air drift out of one fixed, microscopic vol- 
ume element into another, while the motions that actually 
come under observation are in general of another and 
fundamentally different mode. 

With a view to removing this difficulty, air motions 
are clnssified in the followin pages in terms of mass mo- 

are classiiied with reference to their order and turbulent 
motions,- with reference to their order and to their kind. 

Mathematical expressions for mass motion and for 
molecular motion are already available from the standard 
Kinetic Theory of Qmes, but, strange as it may seem, no 
attempt appenls .to have yet been made to formulate 
mathematical expressions descriptive of wind8 and of 

o 9 the liquid, not in terms of the turbulent motion,2 

standard i ydrodynaniica P equations to the detailec f tur- 

tion, molecular motion, win i s, and turbulence. Winds 

1 NOTE.--Referancas are donotcd by their serlal number in the bibliography at the 

8 %?a deli&g$ S15. 
Bes reterenees ted relative to Linetio turbulenoe, p. 816. 
7QM, 71,- 94.93, W. 

endorthis a 

METEOROLOGY. 
twbulent motion. In  other words, no definitions of these 
fundsmeiitally important modes of motion have been 

roposed which possess a degree of precision sufficient 
for the aplicrttion of the methods of Mathematical 
Physics to the study of the circulation of the atmosphere. 

minds have accordingly been defined with precision 
in the resent rtrticle in terms of multiple mean-valne 

damental concepts of classical gas theory. The idea of 
wind order is suggested immediate1 by this definition, 

orders of turbulence grow out of the integral expressions 
for winds and the idea of wind order. 

These definitions, on the one hand, are es ressed in 

the describe with precision observed phenomena as 

Having set u ) these ‘analytical definitions of funda- 

spondence to observed phenomena, it is here shown that 
equations for the winds of the eneral circulation follow 

.&lass motion.-Conhing the present investigation to 
the motions of the earths atmosphere below about 80 
kilometers elevation (101 pp. 1-29), we have to deal with 
an aggregation of molecuies, chiefly of two kinds-nitro- 

According to the Kinetic Theory of 
8 ~ e ~ ~ a ~ ~ ~ ~ ~ f  these molecules describes a rectilinear 
free path with uniform velocity, until it encounters one 
or more neighboring molecules, when it starts off in a new 
direction at a different speed. For example, at 0’ C. and 
under a pressure of one atmosphere the number of mole- 
cules in one cubic centimeter of air is about 2.75 x 
The mean ]en th of the free aths is about 1.42X10-6 
cm. At 15’ d, the mean v ep ocity of the molecules is 
about 459 meters per second, and the range of velocities 
represented at  any instant by the individual molecules is 
very great. The number of encounters per second in one 
cubic centimeter is of the order of 1 . 6 4 ~  10”. 

To investigate the motion of this complicated dy- 
namical system, it is usual to regard the space occupied 
b the air as divided into a great number of cells. 
T%ese cells are fixed in space a d  are small compared 
with the total volume occupied by the gas. A typical 
cell is chosen as a region for investigation. At a given 
instant the velocity of each of the swarm of molecules 
then occupying the cell is supposed to be ascertained. 
The numerical mean of all these velocities is then com- 
puted, and the result is a measure of the tendency of 
the molecules to drift collectively out of one cell into 
another. In  other words, the numerical mean measures 
the mu88 motion of the gas in the cell. 

Evidently the character of the mass motion corre- 
to a ven state of motion of t,he molecules 

If wo suppose the cells al alike, and denote their 
common volume by dr, then dr should satisfy the 
following conditions: 

(a) It should be large compared w i t h  the mean free 
path of the molecules. 

integr a f  s. These integrals are built up from certain fuu- 

and the quantititive definitions o H turbulence and of 

terms of Mathenintical Analysis. On the ot !i er hand, 

yie P (led by instrumental observations. 

mentd modes o i air motion and established their corre- 

as an extension of the classical k inetic Theory of Gases. 

? upon t f e size arbitraril assigned to the fixed 



312 MONTHLY WEATHER REVIEW. JULY, 1918 
(6)  It should be so small that the molecular density 

is ractically uniform throughout each cell. 
$he posihon of any of one these microscopic cells, or 

volume elements, may be indicated by the .coordinates 
of its middle point P. We shall refer to the mass 
motion in this cell as t.he mas8 motion at p d n t  P. 

The temperature and the hydrostatic pressure of 
classical gas theory are essentially numerical means 
computed for the molecules occupying a specified cell 

ven time; and molecular density is explicitly 

consideration, divided by its volume. The temperature, 
the hydrostatic pressure, and the density of the atmos- 
phere may therefore be regarded as phases of mass 
motion. 

Integral ez essioy for muss motioF.6-In terms of 

be described with recision. Let z, y, and z be the 

k e d  volume element dT, and let Y (2, 1, z, t) be the 
molecular density in this element at a given instant t. 
Imagctjne the velocity dia am of the Kinetic Theory of 

instant t. The molecular velocities in dT are supposed 
to vary from molecule to molecule through all possible 
values. It is usual in works on the Kinetic Theory of 
Gases to select from the molecules in d T  at instant t d 
those whose velocities lie in a range 

define at " 8  as the number of molecules in the cell under 

Mathernatica T Analysls, the mass motion of a gas can 

coordinates, referre c r  to k e d  axes, of a point within a 

Gases constructed for a 1  Y the molecules in dT at the 

(4 

which molecules we shall desi ate as molecules of class 
A, and to d e h e  a function Fw., v, w, ?, y, a, t) as such 
that the number of molecules of class A in d ~ ,  at instant 
t, is 

where 
d a  = d d d w  

and is the volume element corresponding to class A in 
the velocity diagram. If u, v, and w am the veIocity 
components of an individual molecule in a cell whose 
center is P (z, y, a),  and if (p (u, p, w )  is a function de end- 

tion, the numerical mean of (o for all the molecules in the 
volume element dT may be expressed by the relation 

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  u and u+du 

Y ( z , y y , Z , t ) f ( U , o t , w , 2 , y , 2 , t ) d a d T , , _ _ - -  (1 1 

ing on them,@ then, with the a d  of the foregoing a e h i -  

where the summation is effected for the velocitiea of all  
the molecules in dT. Approximately, 

Thus, for example, the z-component of the velocity of mass 
motion i s  

--o 

A numerical mean is in general a function of the time. 

w e p a  
6 For the sake of brevlty the exprossious here given ap lp to a single gas. They ma however, be axtended to apply to 8 WUn, of g%SW diikent moleCIIl8r 

or -@e, Ur, or uo 01 uOr. 

Mobculur motion.-Deviations of the motions of indi- 
vidual molecules from the mass motion give rise to 
another mode of motion. Let u, v and w be the velocity 
components of an individual molecule in a Cued volume 
element dT at the instant t, and let ?io, v,, and w, be 
the numerical means of the correspondin velocity com- 

instant; then the velocity whose components are 0, V 
and W which is dehed  by the relations 

ponents of all the molecules in that ce 7 1 at the same 

u=uo+ 0, v=v,+ v, w=wo+ w - - - - - - - - -  (3) 

is called the molecular velocity of the molecule under 
consideration. 

Mean-value properties o mass motion.-If (o of equation 

resulting numerical means are equal respectively to the 
velocity components of the mass motion of the gas. 
Considerable information regarding these means is avail- 
able from the Kinetic Theory of Gases. For exmple, in 
the integral 

(4) 

the summation is effected for all the moleculca in the 
volume element dr. But (p, is the same for all the mole- 
cules in d7, hence 

(5) 

(2) is now set successive f y equal to u, v, and w, then tho 

-m 

3 (p, - - - - - - - - - - - I - - 
From this relation and (3), we have 

consequently 
Uo= V,= W,=O _ _  - -  _ _  _ _  _ -  _ _  _ _  (6) 

(v'), =va, + (V) (7) 
(US), =uao + ( w o  

(w'),=w',+ (W\O 
and 

Assuming, as a first approximation, that the law of 

( P ) o =  (V%= (W90 - - - - - - - - - - _  - (9) 

holds for the molecules which a t  any instant are in a 
given volume element dr, it can be shown that in dT, 

equipaxtition of energy 

- 
where K corresponds to the viscosity coefficient of the 
Theory of ContinuousYedia, and p is thevolume density 
of th8gas. 

I 

It should be observed that the assumDtion of the law 
of equipartition of energy applies here toadeviations from 

Tho total number of inolmilea In d+ is Pdr fdtc but the total number is also glvm s-'m" 
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numerical averages taken over anx one of the vory s m d  
volume elements under consideration, and not to devia- 
tions from numerical averages taken over large masses of 
the atmos here. 

The hy c f  rostatic pressure p of the gas is defined 8s 

and the temperature Tis given by the equation 

(12) 

in which E! is the constant of the characteristic equation 

1 T = a ( P +  Vt+ wa)o _ - - - - -  - -  - -  - _  

of the gas. 
The e p t i o n s  of mass motion.-In the Kinetic Theory 

of Gases, it is also shown that by means of a study of the 
flux of matter, of momentum, and of kinetic energy, as 
governed by the fundamental laws of dynamics, a system 
of equations may be deduced for the mass motion of a 
gas. The results depend on the foregoing mean value 
pro erties of mass motion. 

?he dy.lucmieccl equatioms.8-The analytical statement of 
the law of conservation of matter takes the form of the 
e p t . h n  of continuity: 

and the law of conservation of momentum is expressed 
by the three momentum equations: 

The thermodynamica2 equutim.-The chamcterktk e w '  
tioll of the gas is 

p=pET-  - _ _  _ _  _ _  _ _  _ _  _ _  _ _  _-(15) 

Findy,  the law of conservation of energy yields the 
emrgy epwction: 

,S is analogous to the vlsmsity ooefficient of a oontinuw me4lum. 
d is the coefllclent of amduclion of bent for the pa 
e. b the speciflc heat of the gas at cmst?nt VOII-. 
H b  the K ~ S  constant in the characierIsUc equsm of the Baa 

, J is the tkcllmical equivalent of heat. 
K 

P 
e--. 

e& the gdn in energy per unit odumo due to abNUpth and emb 
don of rntilntinn 

Space deeriuntives of the temperature and of th ~ l o c i t i e ~ . -  
Very little is now known regarding the maonitudes of the 
space derivatives of the temperature and 01 the velocities 
of the m a s  motion of the earth's atmosphere, as com- 

ared with the magnitudes of the "gradient" and body 
forces1O which give rise to that motion. This much, 
however, seems certain, that for mass motion in the 
neighborhood of an obstacle or near the ground where 
cross currents and eddies prevail, these derivatives may 
be relatively large, .and hence by no means negligible for 
purposes of approxmation 

Mass motion and observed henomenn.-The validity of 
equations (14), in so far as t [ ey express the laws govern- 
ing lamellar (nonturbulent) gas motions, has been abun- 
dantly established by exper1mentation.l' At the same 
time, observation and experiment have demonstrated 
that they fail to express the laws governing those turbu- 
lent, eddying, tumultuous motions characteristic of the 
circulation of the atmo~phere.~~ 

Notwithstanding this notable failure, the mathematical 
investiaation of air motions Had not been extended 
beyon$ the foregoing classical analysis of m a s  motion 
until, through the researches leading to the present re ort, 

equations of m a s  motion mas clue to the fact that, on the 
one hand, the mass motion of the atmos here can not 

other hand, the modes of motion actually observed and 
recorded by the Government observers and others are not 
mass motions but time means of mass motions, aveTaged 
mer intervals ranging fi'om a few seconds to a long pmod 
of ears. 

Evidence of this fundamental and importan fact will 

of winds and turbulence. Meanwhile, we proceed to the 
following analytical definition of a wind. 

DeJmtion of a wind.-Let po be any one of the mass 
motion variables uo, v,, wo, or T, and let 4 be a fixed, 
definite interval of time. 
tended over the interval 4 is given by 

it became evident that the apparent breakdown o P the 

generally be observed by ordinary metlio a s, and, on the 

be brought forward in the coume of the ensuing h iscussion 

hen p ,  the time mean of po ex- 
' 

If po is one of the velocity components uo, vo, or w,, then 
the time mean takes the form of the double mean-vdue 
integral 

spfdtirdt ____.__ _ _  _ _  - (18) 
t+2p +- io=:! t - w l  -OD 

"he collective mean-value phenomena of velocity, pres- 
sure, tern mature, and density, as defined b relations 

Observed phenomena and the integral expresszont~ for a 
winrE.-The classical Kinetic Theory of Gases, as we have 
seen, treats of mass motion and the molecular motion 
accompanying it, and it has m general been tacitly 
assumed that observations made m the ordinary way 
with standard meteorolo 'cal instruments represent the 
mass motion of the air. f u t  this assumption clearly does 
not accord With the facts. An ideal anemometer, for 

(17) and Et$), will be said to constitute a win B of order 4. 

10 The ''gradient" Iorce Is the Iom per unit mass whose components are gl\'en b 
the pressure terms 01 equatlons (14). The body forces Y, Y, 2) of equations (!J 
me the forces oer unit masa due to aravitntional and ehtrom-tic f i e h  artSW - - -..- . . .._ 
in the re on &upled by the atmosptiere. 

11 Sea %example, 62,63,64,6!i, 66, 67, Sa, 69.96. " 70, h,n, 6, IJ. . 
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appearing er hour on the record sheet, the interval S 

wind velocity at  the same station, but averaged for each 
for these o i! servations was one hour. Figure 2 shows the 

example, so minute as to be contained in one of the 
elementary cells dr (see p. 311), so designed as to set up 
no extraneous disturbances, and so sensitive as to res ond 
instantly to the most rapid or minute fluctuations o 'I the 
air, would meaaure the air drift in the cell dr, that is to 
say, the velocity of the mass motion as dehed  by equa- 
tion (2). 

The standard Robinson anemometer occupies a rela- 
tively large space, it sets up eddies and cross currents in 
its neighborhood, it fails to respond to rapid or minute 
fluctuntions of the air ( I ,  100, 61), and its moment of 
inertia is so large that, on gusty days, it constantly lags 
or overruns. 

Only approximately, therefore, does the frequency of 
revolution of the whirling c u p  indicate the true mass 
motion which, if the anemometer were removed, the air 
would have in the cell dr a t  the center of the instrument. 

In  practice, however, the detailed fro uency vmiations 
of the instrument are not ascertainel The data are 
obtained by counting the number of notches appearing 
per s ecified time upon the record sheet. 

instrument, (6)  the disturbances which it sets up, (c) its 
failure to respond to rapid and minute fluctuations, and 
(d) its tendency to lag duri sudden gusts and to overrun 
during sudden c h ,  actu3readings of the anemometer 
indicate for specified values of 5, time means of the mass 
motion of the air in the nei hborhood of the instrument', 
in the sense denoted by t % e multiple mean value in- 

Su g ject, then, to errors due to (a) the large size of the 

te a1 (18). 
- 

%hen the air is in motion. the conditions are verv 
much the same in the case of the standard thennomete;. 
An ideal, microscopic thermometer, suspended in a 
cell dr, creating no axtraneous disturbances, and quick 
and sensitive enough to yield read+ pro ortional to 

kinetic energy of the molecular motion in that cell, 
would register the temperature of the air as defhed by 
equation (12). 

The la e size of the standard thermometer compared 

its inability to respond to minute temperature varia, 
tions (2) must greatly impair the accuracy with which 
the variations of the inst-rument indicate the actual 
fluctuations of the temperature. 

Unlike the anemometer, the thermometer yields, from 
a single readin not a definite time mean, but a time 

value of 5, varying from reading to readin 
ing partl on the reaction constants of t % a n d  e instrument, epend- 

d e n  mean temperatures are obtained by avera ng 

the errors described, they yield the wind temperatures 
d e h e d  by the integral expression (1 7). 

It is essential to observe that instrumental errors in 
Wincjvelocity and temperature, due to the causes enumer- 
ated, pertain to the mass motion of clcrgsical gas theory 
and not to the time means discussed in this paper. The 
latter cap be computed with precisi0n.l' 

The dependence o winds cmeapondi to a g b m  ma88 
motion upon t16e OMG ues assigned to 5.-Tifteen readings 
of a Robmaon anemometer, a t  Madison, Wk., on August 
26, 1897, are represented in figure 1. The velocities 
having been o b t u e d  by counting the number of notches 

the most rapid and minute variataons o P the mean 

with dr, 9 t e eddiea it sets up, its sluggish reactions and 

mean correapon 3 ing to some indeterminate and uns cified 

and ar tf y on the observer. 

such readings over fixed, definite, and s ecified vauea f 
of 5 (daily means, annual means, etc.) ti% en, subject to 

r 
month of the ear 1897, twelve mean values for which 5 
was one montz. The yearly mean wind velocities for the 
yeam 1894 to 1903, inclusive, are shown in figure 3. In 

WO. Z.-\Vind velacity at Madison. Wls., during 1897. 2-1 month. 

this case 5 was one year, each mean having been com- 
uted from data obtained during the iuterval between 

1 and December 31 of the ear under considera- 
tion.?en mean values are plotted% figure 4, for which 
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S waa thirty years; that is to say, the mean wind velocity 
w as found from anemometer readings extending fifteen 

T I M E  
FIQ. &-Wind velocity at Madison, 'Xis., ISM-1803. e-1 year. 

years before and after the year for which the mean 
was computed." 

1894 95 96 97 98 99 1900 01 02 03 
TI tyi E 

FIG. 4.-Whd velodty at Madison, Wig., 1894-1W. e-30 years. 

For purposes of comparison, these four graphs should be 
drawn to the same scale. Thus, for exam le, if varia, 

scale of figures 3 and 4 over the entire period of ten years, 
the resultmg graph would have the appearance of a eon- 
tinuow band nearly seventeen units broad. The extreme 
mutual divergence of these winds is apparent. 

Unfortunately, wind direction data, as now recorded, 
do not d o r d  material for tlie construction of stream-line 
char& for winds in the sense in  which that term is here 
used. At the same time, it is unquestionably true that. 
stream lines, like velocities, exhibit a fundamental differ- 
ence in  the character of the winds corresponding to tlie 
same mass motion but to different values of S. 
I The same phenomenon is observable in atmospheric 
temperatures and pressures (2). 

the character of a wind 

tions of the type shown in figure 1 were p P otted to the 

It may therefore be stated 

motion is, in general, 
arbitrarily assqped to 

From this pnnciple it follows that no spec& problem 
in wind motion can be r mded as formulated, unless the 

defined. 
Q T u r h k d  nzotion.-It will be observed that in tak- 
ing the monthly averages for fi ure 2, the charac- 

teristic 1 are larg T y smoothed out; and that in taking the 
yearly averages for figure 3, not only the character- 
istic irregularities of the wind velocities of figure 1, 
but those of figure 2 are smoothed out also. The 
averaging. process correspondin to figure 4, for which 

erating all irregularities, so that the graph a pears as 

The situation is in general the same relative to pressure 

order of the wind un 7 er consideration be explicitly 

lanties of the win d velocities of figure 

% was thirty years, had the e d ect of practically oblit- 

a straight line nearly parallel to the axis of a Y J  s~issas.'~ 
. - _ _  - - __ - _ _  

1' Sce formula I18 . 
I@ The r p p m t  Of the curve Of u. 4 Is dLacllsaed On p. 317, not4 24. 

curves, stream lines, etc. There are cases, however, 
where the mean motion does not change with %. If, for 
example, the wick of a kerosene lamp be adjusted to 
ive a steady flame without smoking, stream lines in be chimney for fiveminute averages differ very little 

from stream lines for five-second averaaes. But when 
the motions differ for different values or 5, it is essen- 
tial to distinguish clearly between them. This can be ac- 
complished analytically by means of the two following 
definitions. 

(a) A wind of order Z may be described in terms of 
tiww curues representing the velocity, pressure, tempera- 
ture and density a t  a single station during a given period 
of time; or else by a ioacr.the.r m.ap showing stream lines, 
isobars, isotherms and lines of constant density drawn 

ven region for a sin le instant of time. 

in a given state of motion M. Suppose that t~ 
ov:i)acF iven an air mass, t ?l e molecules of which are 

- -  
~ ~ ~ ~ l e ~ m ~ ~ r v e s }  S bo constructed representing the 
motion M foi time means estended over an interval ~ ~ ~ _ _  ~- 

%., If another pt weather Of time maD cum's} S, be constructed rep- 
resenting the motion M, but €or time means extended over 
a shorter interval SI, then, provided the { Er] S, be 

different from the 
to be t,urbu.lsnt 

bulent motion SI relative to S will be defined as 

S, the motion S, will be said 

l?urbu,bnce of &$ere& orders.-The order n of the tur- 

Figure 2, for example, shows turbulence of order 12 rela- 
tive to the wind defined for annual means. Figure 1 
shows tiirbulence of order 5,760 relative to the wind 
defined for annual means, and of order 363,800 relative 
to the wind defined for 30 year means. 

IGn& turbu1cnce.-Let us return to the illustration of 
the kerosene lam . By properly adjusting the flame, 
stream lines for ha r f second averwes can be made smooth; 
in which case the draft is goo& and the lam burns 

wind, is accelerated, until wlirtt seems a critical velocity 
is attained, at whicli the stream lines become unstable, 
winding themselves into a tangle revealed by spirally 

The 

some of the kinetic wind energy having gone into the pro- 
duction of turbulence. 

eat deal of experimental work has been done on 

of the testimony relative to critical velocities is conflict- 
ing, and the character of the stream lines and the origin 
of the motion itself are little understood.1e 

The first researches in kinetic turbulence seem to have 
been made in 1883 by &bourne Reynolds (19-22), whose 
notable es eriments with liquids revealed clearly the 
complicatei character of the secondary stream lines 
often associated with a general drift or mean motion. 
For slow motions, the stream lines indicated the well- 
known Poisuille rdqime ( 18) ; but moan motion accelera- 
tions led to more or less abrupt appearances of exceed- 
ingly comples s tream-line configurations which, super- 

without smoking. Turn the wick up, and the B raft, or 

impe cur1i3 ect combustion is in turn due to decreased draft, 

turb lr ence of this kind, in both liquids and gases. Some 

smoke jets due to imperfect combustion. 

A 
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posed on the general drift, absorbed much of its kinetic 
energy. 

Much stress was h id  by Reynolds on the abru tncss 

motion, but more recent rosoarches, in particu1a.r those 
of Ekman (5) in 1907, seem to indicate that those chn.iiges, 
occurring at certain “critical veloc.ities,” were due to 
fortuitous disturbances set up by the ~p aratus. ‘l’his, 
however, is of secondary impprtance. h a t  Reynolds 
demonstrated was that, except in the case of slow motions, 
the general drift defined by time means was accompanied 
by superimposed turbulence, and that the former was 

From the point of 

mean motion corresponding to a value of S considerably 
less than the order of the general drift. 

In gases, related phenomena have been studiud oxperi- 
mentally by Becker (1907), Fry and Tpdt?ll (1911), 
Dowlin (1912), Kohlrausch (1914), Zemplh (NE),  

of particular interest, as showing cleiirly a dee -seated 

Poisuille to the turbulent rigime. 
A large proportion of osperinienta tioti in nir turbulence 

has been confined to the investigation of critical velocities, 
several of which have sometimes been obsemed in con- 
nection with a single type of appwutus. Zem 16ii’s 
(25, p. 71) esperimeuts with sphencd gas layers \avo, 
however, indicated thnt the abrupt appearance of tur- 
bulence upon the attainment of certtiin critionl ve1ocit.im 
was probably due to disturbances set iip by the ends of 
the tubes through which the gas was driven. 

Varied and in some respects conflicting CY the data. seem 
to be, the followin- gencralizationa seem to hare beon 
em irically estnblihxl. (a) Turl-deuce of the kind 
un K er consideration appeltrs in the neiglihorliood of 
obstacles, material boundmies ctnd surfacev of disvon- 

and in eneral where high differentid velocities 

where the material bounclnries and tho n.dja.cent &iid 
strata are at the same temperature. (e) A wind of 
order S is in general modified profoundly by the occur- 
rence of superimposed gusts, cross currents, and eddies- 
turbulent motions relative to 5. In particular, a turbu- 
lent wind does not obey the laws expressed by equations 
(13) to (16) overning the mass motion of the gas.17 On 

the kind of turbulence under consideration will be refeimd 
to as kinetic 

The results sta.ted in thelast paragraphhave been derived 
from observation and experiment. Reynolds and Lorentz 
(1P22), (13) have shown from theoretical considerations 
why tho hydrodynamicd equations do not govern the mean 
motion, or average drift, of a turbulent liquid. In the 
present paper it is shown from theoretical considerations 
why the equations of mass motion (13) to (16) do not 
govern a turbulent wind, defined for large values of 5. 

Conuectiue turbulence.-A stream of water a t  20°C. and 
flowing rapidly down an inclined iron trough a t  the same 
temperature, will exhibit tur5ulenc.e relative to a general 
drift corresponding, sa , to hourly means. If the tem- 

of the transition from the Poisuille rigime to tur E ulcnt 

affected by the latter. 
view prof OundZ of t e present paper, Reynolds’s turbulence was n 

and ot  I? em. Tho oxpariments of Koldrausch (12) n.re 

retarding influence at work after the transition P rom the 

exist tinuitP letween u d jacent fluid strata. ( 6 )  It may ap ear 

account of t f e first two of the foregoing generidizations, 

perature of the trough i e sufficiently increased, the water 
17 Sea 19-22, 13, E, 71, 72, and standard works dealing WWI the flow of flulds through 

pipes weirs canals etc. 
18 de ons’of turbhence In the atmosphere are sometlmes hounded by surfaces along 

whlah %e wind Is discontinuous. Some of the more Important memoirs relating to 
snrlaees of disamtinuity are the following, arranged here In cbmnolo Ira1 order: 53, 

310: 52, 39.46,50, 55: 43. p. 28,40,41. 42,38, M,45 27,49 29,47 3f 54 31 32 33 
44 35 37 36 51 89 104 Reference 92 107. is of herest in &tI& ;id 45: 
&&able s b & a r i  and extensions of & theory are contained in 98. 

will boil as it descends, and the turbulence will thus be 
enormous1 complicated by the ap earance of a new type 

are due to tern eratiwe differences between material 

lower layers of the atmosphere and operate powerfully to 
modify atmospheric stream lines. On a fair summer day 
the rocoss is generally visible. During the morning, the 

conducted from tho ground to the lowest n.ir stratum. 
The resultin- -rerticd instability mnnifests itself in mul. 
titudinous gckering jets risin from tho pound. AI- 
feet, the appearance of cumulous clouds bea.rs witness to 
the fact tlist the jets aro uniting into massive convection 
columns which are driven upward to nn altitude of per- 
haps a mile. The structure of higher order siwface wmds 
is profoundly complicated by tliese enormous a.ir columns 
cutting across them lines of flow. Relatively lacking in 
momontum, the ascending- masses mix with the currents 
of the up tx air, while irregular downward draughts, 

horizontal momentum from the up er air currents to the 

ground, which, makin itself fist febi in the morning, 

pears during the lato hours of the n.fternoon.lg 
This mode of motion, conzvctive turbulence, is character- 

istic of regions where the ma.teria1 boundaries and the 
adjacent air strnta are a.t different temperatures. It 
accordingly differs essentially from kinetic turbulence 
with r e g d  to its origin; possibly n.lso with regard to 
cli arac teris tic s ham-line configurations. 

C!onbil:~d i:lffbcts of Iriuinetic and convective tu,rbulence. - 
Fnir weather convection, 8s we have seen, affords an illus- 
tru tion of conreciive turbulence relative, for exam le, 

complicated by the nctioii of water vapor. The HIGHS 
and LOWS of the driily weather maps reveal turbulence 
relat,ire to monthl nntl yenrly means. Some of these 

belong clear1 , a t  least in their incipient stages, to the 

their orifn. The fitful and intermittent gusts of the sub- 
strntosp ere ao are doubtless of t,he same character. Prob- 
ably most of the turbulence phenomena (relative to yearly 
means) depicted on the daily weather m a p  are resultanta 
of both kinds of turbulent mot-ion. In  fact i t  is by no 
means possib!e in atmospheric phenomena near the ground 
to distinguish between irregularities of the two sorts. 
Obsorvational studies of turbulence in the lower layers of 
thc a tmoshxe  un uestionrtbly pertain to a mixture of 
the two. 
vertical recording systems of arallel wind vanes revealed 

sis seconds. It was found that winds in assing over a 
wood or a hill sent great eddies upward. d e  pronounced 
and a.lmost abrupt upward motions usually sees to ac- 
company the mean drlft of smoko jets from tall, isolated 
factory chimneys were shown to be due, not to the heated 
condition of the escaping gases, but to characteristic up- 
wa.rd irregularities of wind motion near the ground. 
Similnr phenomena were observed and studied by Lan - 
anemometers revealed marked turbulence in mnds defined 

of stream- T ine irregularities. Suc 7 1 irregularities, which 

boundwies and t 7 ieir adjacent fluid strata, occur in the 

emt i  f becomes hotter than the adjacent air, and heat is 

though these jets are visible on 9; y to the height of a few 

replacing t ?l e thermally driven ma.sses and transmitting 

stirface layers, unite into a wind o P hi-hor order near the 

attains a maximum ve 7 ocity during the clay, and disap- 

to a wind defined for daily nvera es. Locnl thun B er- 
storms furnish mother esfimple. % otli, of course, are 

disturbances, like t z e Arizona LOW of the summer months, 

convective c T ass. Others seem to be purely kinetic in 

dientha 1, s (61, p. 77) studies carried on with 

marked turbulence in winds o I order raneing from three to 

ley (I) ,  whose mensurements with sensitive, 1-ighbweig % t 
~ 8 e e  192 and 99 on the diurnal varlatlon of the wind. 
*Sb, p. 165; 57, p. 214; 511, p. 153; 59, p. 60. 
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for %-intervals of from four to ten minutes. Barkow (2; 
see also 90) showed that turbulence of the same order 
reveals itself in temperature and pressure gra.phs. But 
in the results of observation there is generally little or 
nothing to enable one to distinguish between kinetic and 
convective turbulence. Near the earth the two phe- 
nomena combine to the extent that the atmosphere lias 
well been called a “treacherous sea,” where irregular 
cross currents and eddies, violent swirls and sudden side 
gusts prevail.a1 

That the two kinds of turbulence am, however, essen- 
tially different seems to be indicated by the form of the 
equations of general circulation (45) to (50).  

Mean vdue properties ?f winds.--Let a represent any 
one of the six mass motion variabioq uo, vo, wo, p ,  p and T. 
Deviations of the mars motion a 22 in any volume element 
dr from a wind due to a and defined in terms of an 
interval 5 a3 are given by the relation 

As was ointed out in the discussion of turbulent 

sponding wind approximates a stute dejined hy the relation 
motion, the P arger the value qf P, the more nearly the come 

This nerd rinciple is assumed here as a fundamental 
hypogesis. f t  is well illustrated by the wind velocities 
represented in figures 1 to 4. The great irregularities 
shown in figures 1, 2, and 3 disappear in figure 4, which 
is in fact a straight line, a proximately parallel to the 

for 30-year averages satisfies relation (20) 
throug ti out the 10-year interval represented. 

Thle relation is a sufficient condition for a steady state 
of the mean motion i. But this is b no means tanta- 

wind, as that term is ordinarily used. Quite the con- 
trary. winds of 30-year order are in generd turbulent. 
Shorter ?-intervals for the same mass motion, as illus- 
trated in figures 1, 2, and 3, field vortices and cross 
current 3 due to obstacles,. convecbonal swirls and ascend- . air columns, cyclonic storms and anticyclones and 
a oot of other irre arities, all unsteady in the extreme. 

time axis.a4 Figurs 4 there P ore indicates that the mean 

mount to saying that the wind thus i e h e d  is a steady 

there P ore from the fundamental hypothesis 
’3 
(20) Proceedi% one h that, for su~$cimtly long values of Q,  

hence by (19) - 
a’ = 0-  - _ -  - -- - - - - - - - - - - - - - (22) 

SI h t c h  and Palmer (100 p. 44) obwned, in a B-mile wind veloclt fluctuations 
which were between 15 and $6 miles per hour “Includin a succek1on o?minor @scilla- 
tiom somclasUn only afew seconds;, As &y astenpu~ationsinprassureperseco~d 
have been noted I!I these rapid gusts. 

The apparent veloclt decrease in . 4  of alittle over 1 per cent, during the IO-year 
interval was doubtless &e In part to% angea in exposure of the anemometer and in 
part to be gradualerection of bulldlng near the Weather Bureau station. Th; h tru-  
ment w@ located on the roof of Brown s Block from 11178 to 1889 where the e 
gobably mlformlnalldlrections. In 18831t was transferred tda position ‘ I l ~ d ~ ~ ~  

om the dome 01 the Washburn Observatory, and In the lee of the dome for westerly 
winds In 1001 the instrument was lastalled on the roo1 of North Hall. At that time 
at le& two bulldlngs In the ne1p;hborhood of the station presented obstructions from th; 
East and Southwest, respectively. Since then, extanslve additions have been made to 
these bulldings and several new buil have been erected close to the station. TNS 
p r o g d \ - e  ina!e.se 01 the number m% 01 obstructions In the ne1 hborhood 01 the 
.nemometar a p p m  to -unt for the ap-t 1 percent decrea~e ,?the velocity. 

0 See equation (2). 
aa See equations (17) w d  (18). 

Making us0 of (23) and (241, we have from (19) the 

ab = ab + 01’8’- - - _ _ - - - - - - - - - - - (26) 
relation - -- -- 

and, in particular, that 

- 2 -  

- -  - -  -- - -  - -  - - _ _ _  
ua, = u o  + (u’)Z 

- _ _ - - _ - - - - - - - - _  
- -- - 
- - - - - - - - - - -  - - - -  - - - - - - - - - _ _ - _  (25) 
Ib,V0 = uovo + ufv’ 

PUO = PU, + P’U’ 

_ - - - _ _ _ -  _ _  - _ _ _ _  
- -- - 

_ _  _ _  _ _  _ _  _ _ _  _ _  (29) 

Genmal cirmlatim.-In what foll.ows, the term general 
circulation will be used to denote winds of order suffi- 
c-iantly large to satisfy condition (20). 

Derivation qf the equations of general cirdation.-The 
foregoing relations supply mat:iial from which can now 
be dcduccd the equations governing general circ.ulat.ion. 

The d!lna.mircl.l equntion,s qf general carculation.-Making 
we of the mean value propertka (19) to (29), and taking 
the time mean of da t ion  (13) over an interval 5, the 
equation of continuity becomes 

- - - - - - -_ -  _ _  _ _  _ _  

where 

The pnrt,ial time derivative - a; disappears by virtue of 
at 

relation (20). 
To derive the remaining equat.ions is not so simple. 

The manner in vrhich the density is implicated in equa- 
tions (14) to (16) would complicate the analysis serious1 

clensity deviation P’ from the wind density P is unquea- 
tioiiably but n sniall per cant of the latter. Consequently 
W\TC. may write 

were it, not for the fact8 that during any %-interval t lT’ e 

This approximation gives, with (19) , the relation 
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The first of equations (14) can now be thrown into the 
form 25 

where 

Similar esprctssions follow for dv -O and azo. - 
dt at 

The thermcdynumical equations of general circula,tion..- 
Writing equation (15) in the form 

and using relatjon (32), we have for the chnracteristic 
equation of a wind 

- - -  
p = p H  T+E- - - - - - - - - - - -  - - - - (37) 

(38) a--pp ' _ - - - - - - - _ - - - _ _ - -  

where 
cl 1-  

P 

The mean value theorems of general circulation (19) 
to (39), together with ( 3 9 ,  when applied to (161, yield 
tho energy equation 

Notation: 

The constants of .ma88 motion.-Lthoratory det.ermin& 
tions have shown that, for air wit,hin tho ordinary range 
of pressures and temperatures, 

rr=0.00017:! 
CP = 0.000056 
c,=0.169 - -  - - - - - -  - - (44)'O 
J=4 . ISX 10' 
e = 0.133 

These determinations have been carried out for nonturbu- 
lent stream-line configurations, which should be expected 
to indicate the true mass motion, and not time averages of 
the mass motion. The substantial agreement of results 
obtained by different methods for a variety of apparently 
nonturbulent motions,27 and the extreme divergence of 
results where turbulence of any order has been observed,Z* 
seem to establish beyond a reasonable doubt that, within 
ordinary ranges of pressure and temperature, (a) the 
above values pertain to the mass mt ion  proper, and (b)  
that they are practically invariant for a given gas with 
respect to all mass motions experinlentally investigated. 
Accordin to the Kinetic Theory of Gases, they should be 

motions. 
Approximation8 npplicnble to general circuktion.-For 

sufficiently lar e values of Z, it  is probable that the space 

and 6 are also small, and j is very mall indeed, the 

di!itation and divergence terms of the momentum equa- 
tions are probably negligible compared with the gradient 

forces ( -=)? etc., and also the conduction and dis- 

sipation t.erms of the energy equation, compared with 
the terms expressing the time rates of change of internal 
and dilitation energy. 

The equizitim of qcntrnl circuhdion .--Equations (30) to 
(391, therefore, after subscripts and bam have been 
removed, assume the approximate form: 

practical f y invariant with respect to all possible mass 

derivatives o B the wind velocities are small. Since B 

1 bp 

1 Tt=z-- ap +A.+-r p2 .- _ _  - - _ _  _ _ _  (48) 
dw 

P az 

M C G 8 nnits~'~mc8Iorim. 

=70,7I, 7 l ,  6,12. 
Sb, ior examble, the viscosity determinatiollcl: 61,63,61, 6S, 66,67, 68, 69, *. 
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1 
P 

The turbulence functions.-The func.tions A and ~r 
are evidently tractions due to transfers of momentum 
within the aw, which impede or accelerate the wind. It 

will be observed thrqt -$' depends directly upon the wind 
density and on the density and pressure deviations, while 
A depends directly upon the velocity deviations alone. 

1 

1 
Pa 

A therefore is of the nature of a kinetic traction, and -I' 
of a themnodynamic traction. It is reasonable to sup ose 

differ essentially, correspond more or less closely to the 
observed distinction between kinetic and convective 
turbulence, in which case the distinction would prove 
to be fundamental. 

The function shows that the wind motion is not in 
general a possible mode of mass motion; that is to say, 
observed wind motions may show apparent deviatioiis 
from the law of conservation of matter; such deviations 
are measured by a. 

The a parent elastic behavior of a wind may also be 
expectecr to deviate from that of a perfect gas under 
laboratory conditions (i. e., in nonturbulent motion). 
In  this case, the deviation is measured by the function 3. 

Finally, XI?, Q, II and 8 measure the eneroy transfer 
due to kinetic and convective turbulence in tge whd. 

It can not be emphasized too strongly that these 
functions, corresponding to a given mass motion,. will in 
eneral vary greatly from one value of S to another. 

&he tractions accompanying the wind represented by 
figure 1, for example, unquestionabl differ profoundly 
in character and ma nitude from J o s e  accompanying 

As should be expected from the nature of air resistances, 
these turbulence functions are coinples in the extreme. 
To attempt to ascertain wind motion deviations and 
deviation rates, and to find mean d u e s  of thcir powers 
and products, would not be rofitalde, nor is it necossrtrr. 

of kinetic friction between rigid bodies, which latter is a 
traction due to the interaction of molecules in the bearing 
surfaces. That kinetic friction has beea successfully 
reckoned with and usefully applied is clue to the fact 
that empirical formulas have been invented, inakiiig it 
unnecessary to ascertain the detailed motion of the 
molecules. To investi ate the turbulence functions of 

an imniediate and fundamentd roblcm. 

explicit apphcation here. The order of the wind under 
consideration will determine the fornis to be assigned 
empirically to the turbulence functions, as well as the 
values of such numerical coefficienta as 
Turbulence laws governing a nd 

have little in common with turbulence laws overning a 

valsof thirty ears. 

atin the turbulence functions of gener3 circulation, it 
!I a&antageous to transform the equations of motion 
b replacing the fixed, rectangular coordinate system 

a system of geographical w&ch we have been u 
coordinates moving w1 t e earth. Assuming rectan- 

that these two forces which, though mutually depen T; ent 

the wind re resented f y @re 4. 
Empiricn f deternainntion qf the turbulence functiom- 

The problem here is precisey ! analogous to the problem 

the general circulation % y empirical methods is therefore 

T h e  principle stated at tho en x of the last section finds 

strut and defined for ten-seco fir d 

general circulation of the atmosphere defined 5 or %-inter- 

Qevaphica v coordinccte8.-For the pur ose of investi- 

3 bz 

gular axes fixed instantaneously a.t point P as in f?g- 
ure 5, then 

u = r  COS &(++a), V = T  0, w = i - -  _ _  _ _  _ _  (51)a0 

where e is the North latitude of P, Q is its East longitude, 
and r,  its distance from the earth's center. The dots de- 

/-y 

FIG. S.-Geogmphlcal coordinates. 

note time rates. If E is the eastward component of the 
relative wind velocity at P,  and N and V, the respective 
northward and vertical components, then 

E - r  cos e.+, N=rO, V = i - -  _ _  _ _  --(52) 

Since the left-hand member of (45) , if equated to zero, 
ves the equation of continuity for the detailed motion 7- not the average motion) of a continuous medium, the 

transformation of the equation of continuity is readily 
effected by com uting the flux of such a medium into a 
geographical vo P ume element. The eastward flux is 

the northward flux is 

and the upward flux is 

- a m d r a t .  dr 
am The number a tr the angular velocity of the etuth'e rotarim: 0.ouOOm mdiuns per 

reeand. 
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The total net flux, however, would be 
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consequently, the first term, plus the last three with 
s' s reversed, give the desired function. 
T h e  momentum equations me expeditionsly trans- 

formed by the use of Lagrange's equations 

where T is the kinetic wind energy per unit mass of air 
referred to the fixed, rectangular axes, and Qr is .the co- 
scient of 8qr in the expression for the virtual work of the 
external forces, that is due to a displacement 6qr during 
which the other two coordinates me held fast. The 
absolute kinetic wind energy is readily seen to be 

T=$(. cos2 e.,(++ttp++h+p (54) 

and a simple corn utation based on relations (51) and (54) 
yields the desire8equations. 

The time rate of cubical dilitation, which we shall now 
where q is the vector wind velocity, is 

readily o taine by observing that, a t  an instant, u, v, 
and w are in general fuiictioiis of r ,  0 an (p, and that r, 
e and p are, in turn, functions of z., y, and z, so that the 
variation in u due to a virtual displacement in the z- 
direction is given by 

B denote b$ div %I 

But the displacement produces only hiGher order 
chan es in e and T ,  while it produces a variation in (p 

T cos e.6p=az; 
whence 

whit % isgiven by 

The partial derivatives of v and w are computed in a 
similar manner; consequently 

1 m 1 aiv av diV p=- -+- -+--- _ _  _ _  _ _  (56) r c o s 8  b p  r be br 
The e @ m  of general circulation in geopaphiea.1 eo- 

ordinates.--The above equations may now be written 
as followsa1: 

T 

=73,p.343. Inequations(53),f-(1,2,3),andq~-r,q~-~~dqr~cp. 
a d  E b N b  6 

When this operator is applied to B N. or Y the result will be referrad t!, a relative 
8cceleration. The absence of the &tin1 tide derivatives is due to the hypthesia ex- 
psessed by equaticm '''"). and to the definition of general circulation. 

dt ease &+r M+ lrw .................................................... (568) 

b E  1 -+- bv f 

The quadratic terms in E, N, and V occurring in the 
momentum equations are neghgible corn ared with the 
accelerations of Coriolis,s provided that 7, 7 and- are 

small compared with a. 
Viscous fluid amlogies.-The classical analysis of in- 

ternal stresses set up by t-he motion of an isotropic, 
homogeneous, continuous metlium within the mtdmrn 
itself furnishes an advantaoeous starting point for an 
empirical investigation of h e  turbulence functions of 
general circulation, to which we now return. Themo- 
mentum equations for a thin layer of m y  continuous 
medium enveloping the earth may bo written as followsP 

I f N  V 
T 

where J is the resultant of tho relative acceleration, the 
small accelerations discussed in the last paragraph, and 
tho accelerations of Coriolis. If the medium is homogenous 
and isotropic, and if the velocities and their space deriva- 
tives are so small that their squares and products may be 
neglected,gl then the tensions or compressions per unit 
area w i t h  tho fluid are 

v, =x  div p+2 p - br I 
and the shearing stresses per unit area within the fluid 
are 

It The tenns inclosed In 8quaro brackets. See 74. 
Ea, etc., are the internal stresses due to the viscosity of the medium. Each strarr 

lies in a Dlane DerIXndlCUlar to the direction denoted by the subscriDt. and the direction 
of the stiess Is' denoted b the eaptal letter. The de* of the m6dlum is assumed to 
bo small compared with tKe radius of the earth. 
The equations lor the motion of svlscfd eonthuous medium in their olsssid form 

were first suggested by Navier (75) and ~bseqmatlp derived by Saint-Venant (76) 
and S t o w  (52 and 77). See also (29) and (78). 

1 4  See (73 p. 554) The numbers A and pare the vIseosity coefficients lor the medium. 
If 3A+Zp-b, then'the medium Is such that uniform dilitation without shearing ean 
take place without dissipation ofoner Thereseem to be no ood mason for RuppoSing 
this relation to bold Iorviscous media% general' see (76 p. 1246- (52 p. 287 (77 
(80. p. 95): (81,p. 174k (78, VOl. 1, p. 22); (82, p.'M). &ut the &lation prokblit;:! 
Ior guses; sea (79, p. 116,193). 
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From the standpoint of the Kinetio Theory of Gases, all 
of these stresses and hence the resulting tractions are due 
to molecular transfers of momentum in the medium. L i i  
the preceding analysis, we have seen that the wind trac 
tions A and - r are due to turbiilent. transfers of monien- 

P' 
tum in the wind itself. But winds ttro anisotropic, at 
least to transfers effect-ed by coiivectiro tiirbulenco, and 
the velocities and their s ace JerivatiTes are h no man- 

can he newlectod. Equations (64) and (65) therefore can 
not possibsy represei?t. the internal mec,hatiisin of n w h l  
in a state of convectiv? turl>ulence. 

On the other hsnd, if a viscous fluid were anisohpi;., 
but (a )  the tensions or compressions 'duo to the fluifl 
motion were roportional tn the rliff erential velocities, 

acted only in horizontal planes! t h i  relntims (041 ant1 
(65) would read 

1 

' ner of means so small t. g at their squares nnc P proclucts 

and ( b )  the s E oaring stresses obevcil a siiniinr hi\* and 

E, = A '21 
t- COS e a@ 

Equations (63) show that the corresponding eastward 
traction would be 

the northward traction would be 

and the vertical traction would be 

c I 2- ;:I 
CC 
P 

where e=--) which is practically constant. 

Final1 , if the condition be imposed that the pressures 
are sma ifl compared with the shearing strasses, it is evi- 
dent from (63) that the eastward traction becomes 

b2E 
a9 
B'N 
a 9  
0. 

e-, 

the northward traction, 

and the vertical trtiction, 
c- 

Consideration of the motioii 55 defined by the relations 

E=ar, N-br,  V = O ,  p-const. 

wil l  show th& a medium satisfying conditions (69) is 
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vertically isotropic to momentum transfers producing 
the horizontal ta 

os an advantageous starting point for the study of wind 
tractions. Since the character of these tractions de ends 

assume, for the sake of definiteness, that the averages are 
computed over intmrids of thirty years. 

For general circulation of this order there is no good 
reason to suppose that the winds are anisotropib to the 
action of kinetie turbulence. The analogy svg csts that 

linear functions of the differential velocities in the man- 
ner indicated by relations (64) and (65);3s in which 
case AE, for esninple, would be a linear function of the 
divergence of the wind velocity p and the Laplacian of E. 
Such a law nlight reasonably be expected to hold for winds 
having differential velocities as high as 0.01 centimetor 
per second per centimeter. For higher differentid veloci- 
ties it might be necessary to express the stresses as homo- 
eiieous quadratic functions of the diflerential velocities. 

bigher diff ereiitid velocities, however, probably do not 
occur in general circulation. 

Convective turbulence evidently obeys a very different 
law. While winds may be isotropic to the action of 
kinetic turbulence, they are certainly anis0 tropic to 
momentum transfers due to coiivection. In  fact, con- 
vective turbulence for the most part must act vertically 
across horizoiital surface elements. The simplest and 
probably the most plausible hypothesis is therefore that 
suggested by relations (691, namely, 

entia1 resistances (67). 
The analogy of "fh t em systems of resistances may serve 

fundamentally on the e-interval, we shall accor a ingly 

internal stresses, due to turbulence of tlns kin % , may be 

r --- E-p a? 
p a 3 ~  1 

r,.=o I 
where p is a constant depending on Q. 

The functions 9, 62, II, and 8 present very much the 
same problem as the tractions. On account of the 
extreme smallness of the coefficient of 8,  it is probable 
that kinetic turbulence can here be neglected. As to 
the relative values of the terms in 9, 51, and II, nothing 
at present can be said. A practicable working h poth- 
esis is suggested by the analogy of Fourier's f aw of 

Tba dynamicnl aignificcmee ojUra barmneler.-lf governed by the laws expressed by 
(M), the tots1 normal Lnternal pressure per unit area would be 

1 Pr- -P+ Em 
Pnc-p+Nn .............................. ( ea). 
Pv--p+ v. 

Theserelatlrms throw m e  lkht on the dvnamlcnl simificnncn of the harnmntnr. Lnt 
us imagine an ideal she ter coktructed oii ~ e p r & i ~ ~ - o ~ a i i i i & i ~  aFoi&iridlii8 
contart mtween theerteriorand interlor air but exc.uding the wind. Thedimenslolls 
ofthls Ideal3he terare micn*lcoplcand of thisame order as those of thecell dz. in which 
wesball supweit  to he p'aced. This shelter. which is stationary. ohstrurts the wind 
t h u s l e t t i  upertraneousdlsturhanres.intluencina toan unl-onwneutent the beha\id 
oftheinitrim-mtsinside. Oneofthelatter,an ider7, mlcroscopic harpmeterre sterlng 
the most rapid and minute pressure flurtuations, would, however, indicate $e a &w 
staticoressure  in the ahel&. for theshe:ter wnuldevldent!vniiminnte thedrodvnamta 
p d e s  E.. NR and V,. Assuming that t h e t u ; ~ i e ~ ~ e ~ s ~ s h i u p a y t h a s h e - ~ o ~ ~ ~  
exterior, together with the deStNCtion of the mass motion in its interior does not resu.t 
in totall transforming the character ofthe mo ecular motion uormrrlly bcrurrln in the 
geometrgal rdl dr. the ideal initnunmt would yie'd an a proximate va ue for t i e  pres- 
sure p oItheclassira~Kine~TheoryofGaues,asde~ined%veauation (11). Time aver- 
a as of ~ucce+lve readings made at >umiently near inter\;sis-nrouid therefore give the 
agrortatic m d  pressure p ,as defined by, equation (17,). 
In the actual case the ana a n  of the m~croicon~c she ter is the clmed room in wblch 

Thlsmotion sntisfles the equstlon of continuity. The stresm line; w e  
hp-wO+a log B (tan e+sec e) 

where p Is a parameter varying from one curve to anotber. . 
HOW neiirly thls ap rorlmationrepresents B e  true value Is a questidn whit3 wouirip;e;ll 
repay experiments? iivestigation. 
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heat conduction in a continuous, homogeneous medium, 
namely, that convective energy transfer through a thm 
wind stratum is directly proportional to the. temperature 
difference of its boundaries and to the time, and mn- 
versely proportional to the thickncss of the stratum. If 
to this is added the assumption that transfers occur in 
the vertical direction only, tho corresponding turbulence 
function will be proportional to 

or else to 

The functions CP and E occurrin~ respect;ively in the 
equation of continuit and in the ckaracterlstic equation 

that, as the anology of viscous motion suggests, these 
functions may play an unimportant r61e. 

Studies of resistance fun.ct.ions.-The science of the 
internal mechanism of winds is a new one. It opens 
a wide field for research, the results of which can not 
fail to rove of the utmost interest and utility. At- 
tempts %ave already been made to deqise resistance 
functions and to evaluate the corresponding constants. 
All of these attempts have been made under the assump- 
tion of a general air drift differing from the detailed 
fluid motion; but in no case has the esnct nature of the 
drift under consideration been defined, nor has the all- 
im ortant question of wind order been investigated. 

8uldber and Mohn 37 assumed that the internal re- 
sistance #per unit mass of air was proportional to W, 
the horizontal wind velocity: 

are a t  present entire s y problematic, but it is probable 

and that the resistance acted directly against the wind. 
Neglectin relative accelerations and the small quadratic 
terms in i, N, and V, the two hydrod amical equations 
corresponding to (58) and (59) yield t r e relation 

where 8 is the direction in which the pressure adient is 
steepest. Since the “deflective force ’ 2 6 M6.n 0 acts 
normal to the ath and, in the Northern Hemisphere, to 
the right, it fo lf ows that J8 

Consequently 
p = ( 2 ~ 1  sin e) cotan a. 

Values of the deflection angle obtained from weather maps 
gave 

0.0002 > p > 0.00008. 

To check the resistance law on which these results de- 
ended, advanta e was taken of the fact that suflicient 

. .  

gata were a t  han d to over-determine equations (74). The 

ratio of W to 2 was computed from previously obtained 
values of p ,  and, as was to have been expected from the 
naturo of the resistance function, the results did not 
check well with observations. 

North 

,“s 

Pro. 6.--Guldbcrg and Ynhn deflertion ang!e. u. The direction 8 is that in which the 
gradient Iorrc is at s maximum. 

Oberbeck assumed that resistances obeyed the law 

F= Eaq, 
P 

where p was a constant dependin on the motion. 

Paris, assumed that 
Akerblom,a in his researches r e f  ating to the winds over 

p b2E p b2N pt FN=-- F==- a+ 
where, as with Oberbeck, p was a constant dependin on 
the internal irregularities of the average drift. Negfect- 

accelerations, and imposing restrictions on the 
?E!! v ocities, he found that 

u = 9 5 g m . .  - 
cm. sec. 

Hesselberg and Sverdrop 41 assumed that 

The first term was introduced under the supposed-neces- 
sity of representin separately the traction of the upper 
layers upon the f ower ones. The second term was 
intended to represent the tractions a t  the ground. The 
difference quotient 

W,- WO 

was evidently a rough approximation no t  to but 

to q, and as here used was equivalent to the assumption 
of horziontal shearin stresses in the u per air which are 

velocities themselves. It is difficult to see how such a 

500 

ar 

proportional not to 5 t e differential ve F ocities but to the 

a(70. Beealso83.) Stokeapointedoutin 1815that s“l‘hemalnpartoIthereslstsnce 
~ S w l l g . 6 .  T h e a n g l e u w ~ ~ e d t h e & f l ~ a n g & .  

offluldsdepends on the formation ofeddles.” 53. p. 89. 
a84. Bee also the memoir8 of Bouasinerq, 85 and86. * 71. See also a?. 
an. BeealWM. 
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law could prove valid. Possibly with this in mind, 
Hesselberg and Sverdro carried out another determina- 

from observations. 
A study of a very restricted type of eddy motion su er- 

for horizontal tractions the law assumed by Akerblom. 
Similar considerations led to the assumption of a law 
to the effect that the transfer of heat by turbulent 
motion is proportional to 

where’8 is the potential temperature of the air at altitude 
z. This law would necessitate either a horizontal down- 
ward transfer of energy by turbulence in the isothermal 
region, where the potential temperature increases with 
altitude, or else it would necessitate a strong variation 
with altitude of the proportionality factor. Since ohser- 
vations indicate distinctl a state of nonturbulence in 

able. The latter alternative imposes upon the propor- 
tionality factor the burden of an entirely unknown 
function, and therefore yields no additional information 
as to the general circulation. 

ificant for the 

pro osed resistance laws which may prove useful as 
wor$mg hypotheses, and (b)  in that they illustrate the 
importance of a fundamental principle which, curiously 
enou h, seems to have been entire1 overldoked except 

sufficient data are brought to bear to over-determine the 
equations of motion, and so to veri y the empir-ical resist- 
ance laws on whieh the ‘results d e p e d  It should be added 
that empiricall determined results should be ex ected 

the order of the winds under investigalion. 
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